In certain one-dimensional stochastic iterated function systems a sharp drop in the Dq−spectrum of generalized fractal dimensions for negative q is observed at a critical value of the noise strength h. This transition is connected with the disappearance of deep cuts in the measure density and can be understood by an analysis of the contribution of periodic orbits to the measure. We discuss a special example derived from a one-dimensional Ising model in a bimodal random field.
Introduction
We consider the one-dimensional random field Ising model [1] - [13] . Its Hamiltonian is given by
where s i denotes the classical spin at site i which takes values 1 or −1 and J is the exchange energy of adjacent spins. The local magnetic fields {h i } at the sites i = 1, . . . , N are independent identically distributed random variables. We restrict ourselves to bimodal distributions with probability densities An iterative reformulation of the canonical partition function yields the partition function of a single spin in an effective external random field x N given by an iterative map [2] ,
where β denotes the inverse temperature. The mapping defines a stochastic trajectory which in turn yields an invariant probability measure dP ∞ (x), the probability of the trajectory to visit the small interval dx centered around x. The iteration has an attractor which is a subset of the interval I = x * − , x * + , bounded by the fixed points x * ± of the functions
The maps f ± are contractive and thus iterations of f + and f − are also contractive. Therefore the first image of the interval I consist of two smaller 'bands' I + and I − which may or may not overlap, depending on the value of the parameters h + and h − . In the following we restrict ourselves to a symmetric distribution p + = p − = 0.5, h + = −h − = h (cf. Figure 1 ). For the case of a non-symmetric distribution see [5] .
We consider the integrated probability distributions (the measures) P n (x) of the interval (−∞, x) which we iteratively construct using the Frobenius-Perron equation
The fixed point of (5) gives the natural invariant measure P ∞ (x) for almost all initial measures P 0 (x). This invariant measure determines the effective random field x of our auxiliary one-spin system in the thermodynamic limit N → ∞.
To investigate the structure of the measure we consider a finite iteration of order n of an arbitrary smooth initial measure P 0 and take the limit n → ∞ at the end. The iteration is realized by the 2 n composite functions f {σ}n
where {σ} n denotes the symbolic sequence of n plus and minus signs {σ} n = σ n σ n−1 . . . σ 1 . We denote the fixed points of f {σ}n as x * {σ}n , f {σ}n (x * {σ}n ) = x * {σ}n . Every function f {σ}n maps the invariant interval onto a small band I {σ}n . Any such band carries a total weight of ( n and the measure P n is a superposition of these bands. In taking the limit n → ∞ all bands shrink to points because of the contractivity of the function A(x). The limit points can be labelled by infinite sequences {σ} := {σ} ∞ . In the case of a periodic sequence {σ} = ({σ} n ) ∞ , the corresponding limit point is the fixed point x * {σ}n of f {σ}n . In the case of a non-periodic sequence we can approximate the corresponding limit point x * {σ} by f {σ}n (x) in which {σ} n is the 'head' of the n leftmost symbols of {σ}, and x an arbitrary initial point in I. We generalize the concept of fixed points in the case of non-periodic sequences {σ} by defining f {σ} (x) := lim n→∞ f {σ}n (x) where {σ} n is again the head of {σ}. Clearly f {σ} (x * {σ} ) = x * {σ} , i.e. x * {σ} is the fixed point of f {σ} . In the case of a periodic sequence this coincides with the definition of the fixed points considered before, x * ({σ}n)∞ = x * {σ}n .
To make the approximation of the invariant measure P ∞ explicit we iteratively apply the Frobenius-Perron equation to an initial measure P 0 (x) [5] . In the first iteration P 1 (x) is a sum of two terms that involve P 0 (x). P 2 (x) then is a sum of four terms and finally we get an expression for P n (x) as a sum of 2 n terms, involving P 0 at the predecessors y {σ}n of x,
For fixed x this is a path integral in the space of the symbolic dynamics.
In general, most of the terms vanish and only a small fraction of overlapping bands contribute to the measure at a specific point. For certain values of the
c < h = 0.45 < h parameter h and for certain points x the sum even has only one term and the behaviour of the measure around such points can easily be analysed. The map (3) generates a multifractal measure [5] . A quantity to characterize this type of measures is the so-called D q −spectrum [14] . To obtain this quantity, the invariant interval I = [x * − , x * + ] is divided into N (ǫ) boxes of size ǫ and the partition function Z ǫ (q) :=
q is calculated. P (i) is the measure of the box i and only boxes of non-vanishing measure P (i) are taken into account. The partition function is found to scale as
which defines the generalized fractal dimension D q in the limit ǫ → 0. Here and in the following the symbol ∼ always denotes the relation of asymptotic equality, i.e. a(ǫ) ∼ b(ǫ) ⇔ lim ǫ→0 a(ǫ)/b(ǫ) = 1, or similar for sequences (a n ) n∈N and lim n→∞ . For q > 0 boxes with a high concentration of the measure contribute most to the generalized fractal dimension D q whereas for negative q the most rarefied parts of the measure dominate.
In this article we investigate the dependence of the measure and its D qspectrum on the strength of the random field h, the inverse temperature β, and the coupling strength J. Given β and J there are several typical transitions of the invariant measure depending on the value of h.
For large h the support of the measure is non-connected and similar to a multi-scale Cantor set [5] . The first bands I + and I − are well separated by a gap. Through iteration this gap has multiple images of decreasing width. The bands carrying the measure shrink to a set of Lebesgue measure zero as is typical for the Cantor construction.
At a critical value h 
The transition can be seen in numerical approximations of the invariant measure density. An example is shown in Figure 2a and 2b. In the D q -spectrum the transition is only visible as the point where D 0 becomes 1 (cf. Figure 3) .
The most drastic change in the D q -spectrum is observed at a critical value h
c . At this value of h the D q -spectrum exhibits a massive drop of all generalized fractal dimensions D q with q < 0 (cf. Figure 3 ). In the approximated invariant measure density deep cuts present for h > h (2) c suddenly disappear at the critical value h Figure 2b and 2c). The same remarkable behaviour of the D q -spectrum has previously been found [15] in a model of learning in neural networks [16] and seems to be a very general feature of stochastic iterated function systems with bimodal probability distributions. The main objective of this article is the explanation of this type of transition and the application to c . This drop is due to a similar mechanism as the larger one at h (2) c as we will show below. Numerical studies suggest some more drops in the negative parts of the D q -spectrum at critical values h
. These are probably also caused by this type of mechanism.
Finally there are two more transitions of the invariant measure which already have been studied before [12] .
At h
the invariant measure density jumps from ∞ to 0 at the boundary x * + and x * − of I. This is easily understood by taking into account that only the leftmost (rightmost) band contributes to the measure density at x * − (x * + ). Thus the measure density in the n-th approximation is given by
Therefore
c is given by the condition f ′ σ (x * σ ) = 1 2 and this yields [12] 
We only get one critical value because the restriction h+ = −h − = h makes the two conditions for σ = + and σ = − equivalent. The transition is shown in Figure 4a and 4b. It is visible in the D q -spectrum as the value of h where D −∞ begins to grow again for decreasing h (cf. Figure 3) . As was shown in [15] , the generalized fractal dimension D −∞ has the value D −∞ = 1 at this point and
c . The last transition occurs at h
c when the slope of the coarse grained invariant measure density at x * ± jumps from ∓∞ to 0. The slope can be deducted from the iterative approximation of the invariant measure density and this leads to the condition f
. This results in [12] h
The transition is illustrated in Figure 4b and 4c with an approximation of the invariant measure density but is also not visible in the D q -spectrum (cf. Figure  3) . Again, D −∞ can be calculated analytically and takes the value D −∞ = 2, see [15] . In fact, D −∞ can be calculated analytically for all h < h
c . In the next section we give a detailed explanation of the mechanism causing the transitions at h (2) c and h
and discuss the resulting phase diagram of the invariant measure in the multifractal thermodynamic formalism. The key to the analysis of these transitions is that in the case of non-overlapping bands the correspondence between symbolic sequences {σ} and the the fixed points x * {σ} is one to one, i.e. we have a bijection between the set of inifinite symbolic sequences of + and − and the support of the invariant measure. In the case of overlapping bands this is not true for all these x but still for some. All x with unique periodic {σ} sequence allow an analysis similar to the one previously applied to x * + and x * − [17, 18] .
Orbits and their Contribution to the Invariant Measure
We group the points of the support of the invariant measure P ∞ into orbits. The orbit to a given symbolic sequence {σ} consists of all preimages f −1
{σ}n (x * {σ} ) where {σ} n is the head of the first n symbols of {σ}.
In the case of a periodic sequence {σ} with period length n the orbit therefore consists of the fixed points of the n functions f π{σ}n in which {σ} n is the given finite aperiodic sequence defining the infinite periodic sequence and π denotes a cyclic permutation.
Singularity of Periodic Orbits
For the case of the fixed points (period one orbits) x * ± of f ± it has been shown before that their singularity can be calculated explicitly [17, 18] . We generalize this concept to periodic orbits of arbitrary length.
In the following it is useful to consider the integrated measure P ∞ rather than the measure density p ∞ . As P ∞ is finite and continous we easily can work with the actual invariant measure instead of finite approximations P n . The advantage will become more clear as we proceed. 
{σ}n ) be the points of the periodic orbit defined by {σ} n . We then have y n = y 0 = x * {σ}n because of the fact that x * {σ}n is the fixed point of f {σ}n by definition. An example for the periodic orbit of length 3 is shown in Figure 5 .
In the case of non-overlapping bands the predecessor of each y i with respect to the iteration of the Frobenius-Perron equation is uniquely determined to be y i−1 . There is only one term in the Frobenius-Perron equation at all y i . We assume that the scaling limit
exists for some finite k = 0 and some α {σ}n ∈ R. As is shown in Appendix A this also implies
The n-fold Frobenius-Perron equation yields
We denote the expression on the left hand side as X and the one on the right hand side as Y /2 n and thus have X/Y = 1/2 n . Inserting 1 = k/k and using the above expressions for k with the introduced notation X and Y we get
Most terms immediately cancel and we get
and with (f
finally get
This equation is invariant under cyclic permutation of {σ} n such that the scaling behaviour of the invariant measure at all y i , i = 1, . . . , n, is given by the same Hölder exponent α {σ}n . If α {σ}n < 0 the measure has a positive or strong singularity at all y i and if α {σ}n > 0 the singularity is negative or weak.
at the points y i−1 of the periodic orbit determine the singularity α {σ}n and we finally have
Provided the sum 1 n n i=1 ln A(y i ) converges as n → ∞ for a given nonperiodic orbit {σ} we conjecture that the generalization of (22) to the nonperiodic orbit {σ} is possible. On the other hand the ergodicity of the invariant measure [13] implies that the singularity α(x) of P -almost all x is D 1 − 1 [20] such that for generic non-periodic orbits the singularity is already known. (It is a simple exercise to check on a computer that using the first 10 5 digits of the dual representation of π or e as a symbolic sequence, the value of α obtained from expression (22) is exactly the value D 1 − 1 shown in figure 3 . This holds for all h > h and of course the use of a random number generator instead of e or π yields the same result.)
When the bands begin to overlap with decreasing h for h < h
have two predecessors under the iteration with f + and f − and the Frobenius-Perron equation (5) has therefore two terms at these x. This changes the scaling behaviour at x compared to the case of only one predecessor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . The scaling behaviour of all x belonging to orbits which do not touch the overlap interval is however not changed at all and the above considerations remain valid for these specific orbits.
If the parameter h is tuned the extent of the overlap region is changed as well as the location of the orbits. If (at least) one point x of a periodic orbit is in the overlap region there will be two terms in the Frobenius-Perron equation at this x. The two terms contribute singularities α and α ′ . Let us assume that α is the singularity contributed by the term in the Frobenius-Perron equation which is also present for larger h when the orbit does not touch the overlap region. If α ′ > α nothing is changed by the second term and the singularity stays α. If α ′ < α, i.e. if the new singularity is stronger, the whole periodic orbit gets the new, stronger singularity α ′ . In the case α < 0 this does not affect the D qspectrum very much. In the case α > 0 though, a weak singularity is suddenly replaced by a stronger singularity. The new singularity α ′ at the point of first overlap, h
c , in fact is always rather strong as it stems from x ± where f ′ σ is small. The replacement therefore may have a major impact on the D q -spectrum.
The change in the singularity also happens for x in the support of the invariant measure which do not belong to periodic orbits but it is more subtle in this case as one preimage of x which may fall into the overlap region at some h in general only contributes once to the singularity at x and thus the change in the singularity at x is small. The disappearance of weak singularities in favour of strong singularities happens rather smoothly for these x.
Transition of the measure at h (2) c
As h is decreased the number of strong singularities increases at the expense of the number of weak singularities by the mechanism described above.
Special roles are played by the period one orbits {+} and {−} because they are never reached by the overlap and the period two orbit {+−}. Since Thus the {+−} orbit is the last periodic orbit to be reached by the overlap region. The {+−} orbit carries a very weak singularity as it always stays in regions with comparably large f ′ σ and this causes a weak singularity in equation (22) . For β and J in the vicinity of β = J = 1 one even can show that the orbit {+−} carries the weakest singularity of all periodic orbits [19] . Because of its weak singularity and the fact that all other periodic orbits are reached by the overlap before x * {+−} is reached, the {+−} orbit practically solely determines all D q with q < 0 if h is such that the overlap has nearly reached x * {+−} . When the overlap reaches x * {+−} , i.e. when f − (x * + ) = x * {+−} , the weak singularity of the {+−} orbit is destroyed by the strong singularities contributed by f − (x * + ) and f + (x * − ) and all D q with negative q collapse to D q = 1. The critical value h (2) c is therefore given by the condition f − (x * + ) = x * {+−} . So far we have only discussed periodic orbits. Non-periodic orbits do not play a major role because they generically have the rather strong singularity α = D 1 − 1 and also generically have points inside [x * −+ , x * +− ] such that they are reached by the overlap before the {+−} orbit is.
After the collapse the right part of the f (α)-spectrum of the invariant mea-sure has vanished since the negative singularities have all been superseded by stronger ones (cf. Figure 7a ). This behaviour has previously been observed in the case of the superposition of equal-scale [21] and multi-scale [22, 23] Cantor sets.
Let us now determine h 
with the solution
where
With z = e 2βx * {+−} this yields
and therefore 
in which k = e 2βJ and z = e 2βh (2) c . We denote the polynomial in the brackets as P 6 (z). Numerical evaluation shows that P 6 (z) has only one real root > 1 corresponding to a real solution h is shown in Figure 8 . One clearly sees that there is a critical line β(J) such that there is no phase transition possible for all β < β(J). This line is given by the condition h 
As k = e 2βJ this immediately gives The orbit {−+(+−) n } has a weaker singularity than {−+(+−) m } for m < n because it has more points in the vicinity of x * {+−} and x * {−+} where f ′ σ is rather large and we therefore get a larger Hölder exponent α in (22) .
The points z n of the orbits {−+(+−) n } are the closest to the origin of all points of these orbits. This means that the orbit {−+(+−) n } is affected by the overlap iff f + (x * − ) ≤ z n . Furthermore the orbits carrying the stronger singularities get into the overlap region earlier than the ones with weaker singularities. The value of h for which f + (x * − ) = f {−+} (x * {+−} ) is the first one with all {−+(+−) n }-orbits in the overlap. As the weaker singularities of the remaining orbits outside the overlap dominate the negative D q spectrum for values of h close to h We concede that some of the above explanations are not given with full mathematical rigour. Furthermore we have not addressed the question whether there is a similar behaviour for discrete stochastic mappings in higher dimensions or for discrete distributions of the noise with more than two possible values, which also seems to be very interesting. We are likewise interested in the exact functional dependence of the D q −spectrum on h right at the transition points which has not been thoroughly investigated yet.
A Connections between Scaling Relations
In this Appendix we show that the assumed scaling relation 
exists and is equal to k. In the following we drop the indices {σ} n to improve readability and denote the expression in (31) as Q(ǫ). Applying the mean value theorem to f −1 in Q(ǫ) and using f −1 (x * ) = x * yields
with some δ 1 , δ 2 ∈ [0, 
Using the maximum of (f −1 ) ′ (x * + δ 1 ) and (f −1 ) ′ (x * − δ 2 ) instead of the minimum we get in the same fashion the upper estimate
Both estimates together give the conjectured result lim ǫ→0 Q(ǫ) = k.
